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Abstract. Using the Euclid’s formula, we obtain an alternative formula for generating Pythagorean triples, both primitive
and non-primitive. It easy to classify Pythagorean triples using this formula based on the divisibility of the leg of a
Pythagorean triple by any positive integer. The differences in lengths between the hypotenuse and the legs of a
Pythagorean triple obtained by this alternative formula form Quadratic sequences. These quadratic sequences have
applications in various fields such as tiling.

INTRODUCTION

A Pythagorean Triple (PT) is a triple of positive integers ሺ𝑎, 𝑏, 𝑐ሻ, which satisfy the Pythagorean equation
𝑎2 ൅ 𝑏2 ൌ 𝑐2 (1)

where 𝑐 represents the length of the hypotenuse, 𝑎 and 𝑏 represent the lengths of the other two sides (legs) of a
Pythagorean triangle. We say a Pythagorean triple ሺ𝑎, 𝑏, 𝑐ሻ is primitive if the numbers 𝑎, 𝑏 and 𝑐 are pairwise co-
prime[1, 2].
Many methods have been formulated that generate Pythagorean triples, see [3, 4, 5, 6, 7, 8, 9]. The most

common one is the classical Greek formula
ሺ𝑎, 𝑏, 𝑐ሻ ൌ ሺ𝑛2 െ 𝑚2, 2𝑛𝑚, 𝑛2 ൅ 𝑚2ሻ (2)

where 0 ൏ 𝑚 ൏ 𝑛; 𝑛,𝑚 𝜖 ℤ൅. A triple generated by this method is primitive if and only if ሺ𝑛, 𝑚ሻ ൌ 1 and
ሺ𝑛 െ 𝑚ሻ is odd, that is, 𝑛,𝑚 have opposite parity[1, 2].
From equation (2), the distance between the hypotenuse c; and the leg a; which we denote as 𝐷𝐿ሺ𝑐, 𝑎ሻ is

𝐷𝐿 𝑐, 𝑎 ൌ 𝑛2 ൅ 𝑚2 െ 𝑛2 െ 𝑚2 ൌ 2𝑚2. (3)
similarly,

𝐷𝐿 𝑐, 𝑏 ൌ 𝑛2 ൅ 𝑚2 െ 2𝑛𝑚 ൌ 𝑛 െ 𝑚 2 ൌ 𝑢2, (4)
where 𝑢 ൌ 𝑛 െ 𝑚.
In [10], it is shown from equations (3) and (4) that

ሺ𝑎, 𝑏, 𝑐ሻ ൌ ሺ𝑢2 ൅ 2𝑚𝑢, 2𝑚𝑢 ൅ 2𝑚2, 𝑢2 ൅ 2𝑚𝑢 ൅ 2𝑚2ሻ; (5)
is a primitive Pythagorean triple for all positive odd integers 𝑢, every 𝑚 𝜖 ℤ൅ and ሺ𝑢, 𝑚ሻ ൌ 1 . If 𝑢 is even for
every 𝑚 𝜖 ℤ൅, then (5) is non-primitive.
Using the list of Pythagorean triples generated by the difference formula in (5), we formulate sequences that

follow from taking the difference between and the sum of 𝐷𝐿ሺ𝑐, 𝑎ሻ and 𝐷𝐿ሺ𝑐, 𝑏ሻ.
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DIFFERENCE AND SUM OF THE DIFFERENCES BETWEEN THE HYPOTENUSE
AND THE LEGS

TABLE 1. Differences between the hypotenuse and the lengths of the legs
𝑢 𝑚 𝑎 𝑏 𝑐 DLሺc, aሻ DLሺc, bሻ DDLሾ c, a , ሺc, bሻሿ SDLሾ c, a , ሺc, bሻሿ
1 1 3 4 5 2 1 1 3
1 2 5 12 13 8 1 7 9
1 3 7 24 25 18 1 17 19
1 4 9 40 41 32 1 31 33
1 5 11 60 61 50 1 49 51
1 6 13 84 85 72 1 71 73
1 7 15 112 113 98 1 97 99
1 8 17 144 145 128 1 127 129
1 9 19 180 181 162 1 161 163
1 10 21 220 221 200 1 199 201
3 1 15 8 17 2 9 11 -7
3 2 21 20 29 8 9 17 -1
3 3 27 36 45 18 9 27 9
3 4 33 56 65 32 9 41 23
3 5 39 80 89 50 9 59 41
3 6 45 108 117 72 9 81 63
3 7 51 140 149 98 9 107 89
3 8 57 176 185 128 9 137 119
3 9 63 216 225 162 9 171 153
3 10 69 260 269 200 9 209 191
5 1 35 12 37 2 25 27 -23
5 2 45 28 53 8 25 33 -17
5 3 55 48 73 18 25 43 -7
5 4 65 72 97 32 25 57 7
5 5 75 100 125 50 25 75 25
5 6 85 132 157 72 25 97 47
5 7 95 168 193 98 25 123 73
5 8 105 208 233 128 25 153 103
5 9 115 252 277 162 25 187 137
5 10 125 300 325 200 25 225 175
We adopt the notation 𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ to be the difference between 𝐷𝐿ሺ𝑐, 𝑎ሻ and 𝐷𝐿ሺ𝑐, 𝑏ሻ and similarly

𝑆𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ be the sum of the two.
It is easy to see that:

𝐷𝐷𝐿 𝑐, 𝑎 , 𝑐, 𝑏 ൌ 2𝑚2 െ 𝑢2 (6)
and

𝑆𝐷𝐿 𝑐, 𝑎 , 𝑐, 𝑏 ൌ 2𝑚2 ൅ 𝑢2 (7)
Observe that the difference of the differences, 𝐷𝐷𝐿 𝑐, 𝑎 , 𝑐, 𝑏 , between the hypotenuse and the length of the

legs is equal to the distance between the two legs a and b; that is,
𝐷𝐷𝐿 𝑐, 𝑎 , 𝑐, 𝑏 ൌ 𝑐 െ 𝑎 െ 𝑐 െ 𝑏 ൌ 𝑏 െ 𝑎 ൌ 𝐷𝐿 𝑏, 𝑎 .

Let 𝑢 ൌ ሼ1, 3, 5ሽ and 1 ൑ 𝑚 ൑ 10, we obtain a list of triples generated from the difference formula, shown in
the table 1 abobe. For each of these triples we find the difference between the hypotenuse and each of the legs,
𝐷𝐿ሺ𝑐, 𝑎ሻ and 𝐷𝐿ሺ𝑐, 𝑏ሻ. We also obtain 𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ and 𝑆𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ for various fixed values of 𝑢 and
varying values of𝑚.We then formulate sequences that arise from these differences.
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Proposition

Let ሺ𝑎, 𝑏, 𝑐ሻ ൌ ሺ𝑢2 ൅ 2𝑚𝑢, 2𝑚𝑢 ൅ 2𝑚2, 𝑢2 ൅ 2𝑚𝑢 ൅ 2𝑚2ሻ be a Pythagorean triple where 𝑢 is a positive
odd integer and 𝑚 ϵ ℤ൅. The difference of the differences, DDLሾ c, a , ሺc, bሻሿ and sum of the differences
SDLሾ c, a , ሺc, bሻሿ between the hypotenuse and the lengths of the legs respectively form the sequences

𝑇𝑛 ൌ 2𝑛2 െ 𝑢2 (8)
and

𝑇𝑛 ൌ 2𝑛2 ൅ 𝑢2 (9)
for a fixed positive odd integer 𝑢 and 𝑛 𝜖 ℤ൅.
PROOF: Suppose u = 1; then the sequence of 𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ from table 1 is 𝑇𝑛 ൌ

1, 7, 17, 31, 49, 71, 97, _ _ _
By inspection, we notice the second differences between each consecutive term differ by the same amount called

the common second difference, 𝑑. In this case 𝑑 ൌ 4. This means the sequence is quadratic sequence which has the
general form: 𝑇𝑛 ൌ 𝐴𝑛2 ൅ 𝐵𝑛 ൅ 𝐶 where 𝐴, 𝐵, 𝐶 𝜖 ℤ൅ for every 𝑛 𝜖 ℤ൅.
We find the second coefficients 𝐴, 𝐵 and 𝐶. Use the first three terms of the sequence to set up and solve a

system of linear equations. We obtain:
𝑇1 ൌ 𝐴ሺ1ሻ2 ൅ 𝐵ሺ1ሻ ൅ 𝐶 ൌ 𝐴 ൅ 𝐵 ൅ 𝐶 ൌ 1 (10)

𝑇2 ൌ 𝐴ሺ2ሻ2 ൅ 𝐵ሺ2ሻ ൅ 𝐶 ൌ 4𝐴 ൅ 2𝐵 ൅ 𝐶 ൌ 7 (11)
𝑇3 ൌ 𝐴ሺ3ሻ2 ൅ 𝐵ሺ3ሻ ൅ 𝐶 ൌ 9𝐴 ൅ 3𝐵 ൅ 𝐶 ൌ 17 (12)

Subtract (10) from (11) to obtain
𝑇2 െ 𝑇1 ൌ 3𝐴 ൅ 𝐵 ൌ 6 (13)

Similarly, the difference between 𝑇3 and 𝑇2 gives
𝑇3 െ 𝑇2 ൌ 5𝐴 ൅ 𝐵 ൌ 10 (14)

Solve (13) and (14) simultaneously to obtain 𝐴 ൌ 2 and 𝐵 ൌ 0. Substitute these in (8) to
get 𝐶 ൌ െ 1. We thus have

𝑇𝑛 ൌ 2𝑛2 െ 1
It can be shown in a similar way, the sequence of 𝑆𝐷𝐿 𝑐, 𝑎 , 𝑐, 𝑏 , that is,

𝑇𝑛 ൌ 3, 9, 19, 33, 51, 73, െെെ
is

𝑇𝑛 ൌ 2𝑛2 ൅ 1
Now, since 𝑢 is odd, we let 𝑢 ൌ 2𝑘 ൅ 1 for all 𝑘 𝜖 ℤ൅. For convenience, we denote 𝑢 as 𝑢𝑘.We then assume the

sequence is true for 𝑢𝑘 and show it is true for 𝑢𝑘൅1.
For the first case, the sequence of the difference of differences, 𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ is

Tn ൌ െ 4k2 െ 12kെ 7, െ 4k2 െ 12kെ 1, െ 4k2 െ 12k ൅ 9, െ 4k2 െ 12k ൅ 23,
െ4𝑘2 െ 12𝑘 ൅ 41, െ 4𝑘2 െ 12𝑘 ൅ 63…

We then have
𝑇1 ൌ 𝐴 ൅ 𝐵 ൅ 𝐶 ൌ െ 4𝑘2 െ 12𝑘 െ 7 (15)
𝑇2 ൌ 4𝐴 ൅ 2𝐵 ൅ 𝐶 ൌെ 4𝑘2 െ 12𝑘 െ 1 (16)
𝑇3 ൌ 9𝐴 ൅ 3𝐵 ൅ 𝐶 ൌ െ 4𝑘2 െ 12𝑘 ൅ 9 (17)

Subtract (15) from (16) to obtain
𝑇2 െ 𝑇1 ൌ 3𝐴 ൅ 𝐵 ൌ 6. (18)

Similarly, the difference between T3 and T2 gives
𝑇3 െ 𝑇2 ൌ 5𝐴 ൅ 𝐵 ൌ 10. (19)

Solve (18) and (19) simultaneously to obtain 𝐴 ൌ 2 and 𝐵 ൌ 0. Substitute these in (8) to get 𝐶 ൌ െ 4𝑘2 െ
12𝑘 െ 9. We thus have

𝑇𝑛 ൌ 2𝑛2 െ ሺ4𝑘2 ൅ 12𝑘 ൅ 9ሻ
⟺ 𝑇𝑛 ൌ 2𝑛2 െ ሺ2𝑘 ൅ 3ሻ2
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⟺ 𝑇𝑛 ൌ 2𝑛2 െ ሾ2ሺ𝑘 ൅ 1ሻ ൅ 1ሿ2

The second sequence of 𝑆𝐷𝐿 𝑐, 𝑎 , 𝑐, 𝑏 , that is,
𝑇𝑛 ൌ 4𝑘2 ൅ 12𝑘 ൅ 11, 4𝑘2 ൅ 12𝑘 ൅ 17, 4𝑘2 ൅ 12𝑘 ൅ 27, 4𝑘2 ൅ 12𝑘 ൅ 41,4𝑘2 ൅ 12𝑘 ൅ 59,4𝑘2 ൅
12𝑘 ൅ 81, …
is solved in a similar way to obtain 𝑇𝑛 ൌ 2𝑛2 ൅ ሾ2ሺ𝑘 ൅ 1ሻ ൅ 1ሿ2. Thus by mathematical induction, the sequence
is true for all 𝑘𝜖 ℤ൅ and in turn positive odd integer 𝑢 and 𝑛𝜖 ℤ൅.

SEQUENCES FORMED FOR FIXED VALUES OF𝒎 AND VARYING VALUES OF 𝒖

When we fix 𝑚 and vary 𝑢 , we obtain a series of quadratic sequences. These sequences are formed for both
𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ and 𝑆𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ.
Lemma 3.1 The sum of the differences, SDLሾ c, a , ሺc, bሻሿ between the hypotenuse and the length of the legs for

each value ofm and various values of u form sequences as described in the table 2 below, for all n ൒ 0.
TABLE 2. Sum of differences between the hypotenuse and the lengths of the legs

m u 1 3 5 7 9 … sequence
1 3 11 27 51 83 … 4𝑛2 െ 4𝑛 ൅ 3
2 9 17 33 57 89 … 4𝑛2 െ 4𝑛 ൅ 9
3 19 27 43 67 99 … 4𝑛2 െ 4𝑛 ൅ 19
4 33 41 57 81 113 … 4𝑛2 െ 4𝑛 ൅ 33
5 51 59 75 99 131 … 4𝑛2 െ 4𝑛 ൅ 51
6 73 81 97 121 153 … 4𝑛2 െ 4𝑛 ൅ 73
7 99 107 123 147 179 … 4𝑛2 െ 4𝑛 ൅ 99
8 129 137 153 177 209 … 4𝑛2 െ 4𝑛 ൅ 129
9 163 171 187 211 243 … 4𝑛2 െ 4𝑛 ൅ 163
10 201 209 225 249 281 … 4𝑛2 െ 4𝑛 ൅ 201

PROOF. Let m = 1, we obtain the sequence 𝑇𝑛 ൌ 3, 11, 27, 51, 83, _ _ _ Observe the second differences
between each consecutive term differ by 𝑑 ൌ 8 , thus a quadratic sequence. Then 𝑇𝑛 ൌ 𝐴𝑛2 ൅ 𝐵𝑛 ൅ 𝐶 where
𝐴, 𝐵, 𝐶 𝜖 ℤ൅ for every 𝑛 𝜖 ℤ൅. We determine the values of the coefficients 𝐴, 𝐵 and 𝐶 from the first three terms of
the sequence. We obtain:

𝑇1 ൌ 𝐴 ൅ 𝐵 ൅ 𝐶 ൌ 3 (20)
𝑇2 ൌ 4𝐴 ൅ 2𝐵 ൅ 𝐶 ൌ 11 (21)
𝑇3 ൌ 9𝐴 ൅ 3𝐵 ൅ 𝐶 ൌ 27 (22)

Subtract (20) from (21) to obtain
𝑇2 െ 𝑇1 ൌ 3𝐴 ൅ 𝐵 ൌ 8. (23)

Similarly, the difference between 𝑇3 and 𝑇2 gives
𝑇3 െ 𝑇2 ൌ 5𝐴 ൅ 𝐵 ൌ 16. (24)

Solve (23) and (24) simultaneously to obtain 𝐴 ൌ 4 and 𝐵 ൌ െ 4. Substitute these in (18) to obtain 𝐶 ൌ 3.
We thus have

𝑇𝑛 ൌ 4𝑛2 െ 4𝑛 ൅ 3.
In a similar way, we obtain the sequences for the other values of m.
The next lemma lays out the sequences associated with the difference of the differences, 𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ

between the hypotenuse and the length of the legs.
Lemma 3.2 The difference of the differences, 𝐷𝐷𝐿 𝑐, 𝑎 , 𝑐, 𝑏 , between the hypotenuse and the length of the

legs for each value of 𝑚 and various values of 𝑢, similarly form sequences as described in the table 3 below, for all
𝑛 ൒ 1.

020015-4

D
ow

nloaded from
 http://pubs.aip.org/aip/acp/article-pdf/doi/10.1063/5.0082884/16209441/020015_1_online.pdf



TABLE 3. Difference of differences between the hypotenuse and the lengths of the legs
m u 1 3 5 7 9 … Sequence

1 1 -7 -23 -47 -79 … െ4𝑛2 ൅ 4𝑛 ൅ 1
2 7 -1 -17 -41 -73 … െ4𝑛2 ൅ 4𝑛 ൅ 7
3 17 9 -7 -31 -63 … െ4𝑛2 ൅ 4𝑛 ൅ 17
4 31 23 7 -17 -49 … െ4𝑛2 ൅ 4𝑛 ൅ 31
5 49 41 25 1 -31 … െ4𝑛2 ൅ 4𝑛 ൅ 49
6 71 63 47 23 -9 … െ4𝑛2 ൅ 4𝑛 ൅ 71
7 97 89 73 49 17 … െ4𝑛2 ൅ 4𝑛 ൅ 97
8 127 119 103 79 47 … െ4𝑛2 ൅ 4𝑛 ൅ 127
9 161 153 137 113 81 … െ4𝑛2 ൅ 4𝑛 ൅ 161
10 199 191 175 151 119 … െ4𝑛2 ൅ 4𝑛 ൅ 199

PROOF: If m = 1; we have the sequence 𝑇𝑛 ൌ 1, െ 7, െ 23, െ 47, െ 79, _ _ _. This is a quadratic sequence
with 𝑑 ൌ 8.
Then 𝑇𝑛 ൌ 𝐴𝑛2 ൅ 𝐵𝑛 ൅ 𝐶 where 𝐴, 𝐵, 𝐶 𝜖 ℤ൅ for every 𝑛 𝜖 ℤ൅. We obtain:

𝑇1 ൌ 𝐴 ൅ 𝐵 ൅ 𝐶 ൌ 1 (25)
𝑇2 ൌ 4𝐴 ൅ 2𝐵 ൅ 𝐶 ൌ െ 7 (26)
𝑇3 ൌ 9𝐴 ൅ 3𝐵 ൅ 𝐶 ൌ െ 23 (27)

Subtract (25) from (26) to obtain
𝑇2 െ 𝑇1 ൌ 3𝐴 ൅ 𝐵 ൌ െ 8: (28)

The difference between 𝑇3 and 𝑇2 is
𝑇3 െ 𝑇2 ൌ 5𝐴 ൅ 𝐵 ൌ െ 16. (29)

Solve (28) and (29) simultaneously to obtain 𝐴 ൌ െ 4 and 𝐵 ൌ 4. Substitute these in (25) to get 𝐶 ൌ 1. We
thus have

𝑇𝑛 ൌ െ 4𝑛2 ൅ 4𝑛 ൅ 1.
The sequences for the other values of m are shown in a similar way.
REMARK 3.1 Observe that the constant terms for varying values of 𝑚 in tables 2 and 3 form the sequences

already shown in proof of proposition 2.1. Also, from table 3, we see that 𝑇0 ൌ 𝑇1.
Proposition 2.1 and lemmas 3.1 and 3.2 thus prove the following result.

Proposition

For each fixed positive odd integer 𝑢, varying values of 𝑛 𝜖 ℤ൅ and fixed integer 𝑚 𝜖 ℤ൅ the difference of the
differences, 𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ between the hypotenuse and the length of the legs form the sequence

𝑇𝑛,𝑚 ൌ െ 4𝑛2 ൅ 4𝑛 ൅ 2𝑚2 െ 𝑢2 ; 𝑛 ൒ 1 (30)
and similarly, the sum of the differences, 𝑆𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻ between the hypotenuse and the length of the legs form
the sequence

𝑇𝑛,𝑚 ൌ 4𝑛2 െ 4𝑛 ൅ 2𝑚2 ൅ 𝑢2 ; 𝑛 ൒ 1. (31)

CONCLUSION

The difference and sum of differences between the hypotenuse and the legs of Pythagorean triples generated by
the difference formula form quadratic sequences. These quadratic sequences and in turn the Pythagorean triples
from which they are generated have implications in various fields. For instance, these quadratic sequences can be
applied in tiling.
For example, to start a spiral of square tiles, trivially the first tile fits in a 1 by 1 square, 7 tiles fit in a 3 by 3

square, 17 tiles fit in a 5 by 5 square and so on [6]. Note that 1, 7, 17, _ _ _ is the sequence of 𝐷𝐷𝐿ሾ 𝑐, 𝑎 , ሺ𝑐, 𝑏ሻሿ
when 𝑢 ൌ 1.
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